
Ergodic Theory and Measured Group Theory
Lecture 3

triplicity .
"

Ergodic
"
is a made - up word , if

it was me
,
I would've

used " atomic
" instead

, Ergodicit is defined not just for
a transformation or group action on IX. d) , but moregenerally,
for an equivalence relation on (Kt ) . For a meal . trans

.

T :(X
, 9) → 14, d) , baring the orbit 4. rel . Et in mind ,

we define:

Def
. bit E be an equiv . relation on a measure space (X

,
M

,

E is called ergodic if every measurable E- invariant
set AEX is null or count I :<⇒ XIA is null) .

✗ ,
E.classes
- For a mens . transformation T:(×, f) → 14M,

-

if µ ✗¥
' tis ergodic :<⇒ Ei is ergodic, i.e. ✗

doesn't partition into two positively - measured
T - invariant sets

.

Equivalent definitions
.

For a was . transformation T:(X
,
M)→ HM

,
TFAE :

(1) T is ergodic .
(2) Functional def. Every T - invariant meas . function f :X s Y there Y



is
any standard Bout space) is constant a. e.

(3) Density def
.
For each positively- measured set A

,
a.e. orbit intersects

A
✗ it

,
i. e. a. e. ✗ c- ✗ has 4)Ein A -1-0 .p→¥k¥h Equivalently , [Ale

,
is count

.

Proof
.
121=>111

.

For any T.in. ncaa. set AEX,
take f.= 1A .

Then

f :X → 10,13 is T- invariant
,
hence f-=/ a.e. or 1- = Dae

.

(1)⇒ (2) . Proof for Y := 21N
.

let f : ✗ → 21N be a T - inv
. meas - face.

Note tht b) the invariance off, f-
' (B) is T- invariant

for
every Borel at BE 2

"! We want to show kt

3-
ye 21N

it
.

ft (g) is a vault c- X
.

$
• f

" (Vix) is ✗ so it's conall
,
where Us := / ✗ c- IN:x=s**s?

0 I

•

• •

, •

'

,
call a vertex s c- 24N heavy if f-

' (Vs) is Conall.

%yo%yÑÑ Chasing heavy vertices
,
we biiild an infinite

*"" ^ branch
y
= ( su) ,

i. e. d-
"

(Vgn) is
i. iii. :

'

:

a- .
.

.

•y
-

.

2N wnull
. Af

"

/ Vgn) is still conall
,
hit

=
hfyv

Af" /Vgn) = f
"

(y) .
"""

for inst use the isom.tk 4¥12 "
" )

For any
st
.

Borel Y,tVke a Polish hep. on it I let
U be a ctbl basis for that top . d-

" (Y) is wall
,
so



gin sone couplet metric

3- View of diameter I sat
. d-
"
(Y) is wall

.

then

FVTEV , at Ktv of diam . § sat
.

f-
'
( th) is count/ .

Then by completeness AVJ to al has exactly oapoiit
Y

,
so 1-

" (g) is wall .
" "

Aki

(3)⇒ 4) . Suppose tht A ii T-iur.at not null
,
then /ATE,=A,

(3) gives tht A is wall .

(1) ⇒ (3)
.
If A has positive censure

,
then (A)

E
,

abi has

positive measure al is Tiwariant
. By ergodic ily ,

(A) Ep is conall if we knew tht [A)Ei is measurable
.

Remark
. We're using here Ht [A)E, is reasonable

.

This is true becase of a deep theorem

from descriptive sit theory , but we can

avoid using this as follows : it A his

positive measure
,
so does A

'

from the Poincaré

recurrence lemma
,
i. e. A

'
is T - forward - recurrent

at A '=uA .

But then [AYE
,
is measurable

I still not null
,
so must be coal .



Examples of ergodic transformations .
Irrational rotation

.
let d c- fit,ñ) be sot

. f- c- 112119 .

let IT _=1R1zE S
' and let D: IT→ IT be the rotation bgd,

•"'" Note tht if LATE then Td is periodic ,""
.
" "

•1

i. e. every orbit is finite
,
hence nonergodic.

IHW
. Why won ergodic ? )

Lanna
. If 41T¢ OK then each Ta- orbit is dense in IT.

Proof . Enough to prove tht the orbit of 1- is dense since

every other orbit is just a rotation/ translate of this .

till •
"t.in Fu at

.
1-
" (1) is below 1 IT

"" 111 is
• THIN

-
. Ng . above

.

Then TL Ta
,

od TT -
- Taz .

t

, a

•T
"

" But one of Lyde is I tgd .
So

Doing this enough times gives arbitrarily
small angles .

99% Leanna 1 special case at Lebesgue diff. theorem) . For any positively -
measured subset A- c- 10

,
1)

,
there is an open interval I c. 10,1)

sit
.
799% of I is occupied by A , i. e.tl?-ffI)--- 0.99 .


